We investigate the dynamics of the Frenkel-Kontorova model with inertia and damping under a uniform driving force.
Introduction
The dynamics of a one-dimensional harmonic chain, subject to a periodic potential (Frenkel-Kontorova model [1 ] ) is an example of a dynamical sys tem where many degrees of freedom are essential. Depending on the system parameters and the mode of driving the dynamics of the chain is known to exhibit complex behavior like self-organized criticality [2] .
In this work we study the uniformly driven dynam ics of the chain which is related to models of sliding friction of clean atomic surfaces [3] , to classical mod els of transport phenomena in charge-density wave (CDW) conductors [4] , and to models of Josephson junction arrays [5] .
As an extension to other studies we include inertia terms in the equation of motion and investigate the underdamped dynamics.
Model
The potential energy of the Frenkel-Kontorova model with N particles reads U = X --Xj)2 -] T bcosxj. j j * Paper presented at the 5th Annual Meeting of ENDADYN, Grenoble, October 10-13, 1994. Reprint requests to Dipl. Phys. T. Strunz.
The mean particle spacing a is enforced by the peri odic boundary condition xJ+n = 2itL + x3, with L an integer so that a = 2nL /N . We are interested in the limit N -» • oo, and especially in the case where the average particle distance is incommensurate with the period of the potential, i.e. L /N approaches an irra tional number q. We consider the case where a is the golden mean, i.e. a = (1 + \/5)/2, so that L and N are chosen as successive elements of the Fibonacci series.
Stationary States
The properties of the stationary states, i.e. the so lutions of dU /dxj = 0, have been clarified by Aubry [6] . In the incommensurate case the ground state is described by an analytic hull-function f$, XJ = j a + C + f s ija + o with /s(£ + 27t) = f s ( 0 and ( arbitrary, if the poten tial strength b is below a critical value bc ~ 0.97----Because of the translational invariance of the ground state a Goldstone mode exists. A uniformly applied force F therefor leads to a sliding state, so that no stationary states exist for F -= f-0 and b < bc. Above bc, stationary configurations exist and the ground is again described by a hull-function, now being nonanalytic. In this case the chain is pinned, and sta tionary configurations exist until the force exceeds a critical value Fc(b).
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Dynamics
The relaxational dynamics of the uniformly driven system W r, has been studied by Coppersmith and Fisher [7] in the case where a is the golden mean. It can be shown that in the case of relaxational dynamics the sliding solution is unique [8] . The sliding solution is given by an analytic hull-function fp:
where + 2tt) = /f(0 > an£l v the average ve locity uniquely determined by F. The particles move periodically. Each particle performs the same motion, only shifted by a certain phase. This holds true for any a. But the critical behavior for F -* Fc depends on whether the chain is commensurate or incommen surate. If the force approaches the critical value from above, the velocity behaves as v ~ (F -Fc); , with ( = | in the commensurate case and ( ~ 0.67 in the incommensurate case where Fc ^ 0,i.e. b > bc.
We now consider the equation of motion with in ertia (mass = 1) and damping:
'±j = -7 Xj -2Xj + Xj+1 + X j-1 -b sin Xj + F. (2) After a heuristic consideration we discuss periodic solutions of the type (1) for arbitrary values of the damping. We calculate these solutions and their stabil ity numerically. It turns out that periodic solutions are unstable for small values of the damping and the nu merical integration of the equations of motion shows more complex sliding states. In addition the sliding state is no longer uniquely determined by the force, which leads to hysteresis. Also the depinning transi tion becomes subcritical.
Sliding Dynamics

Heuristic Considerations
In order to gain some insight in the sliding solutions of (2) The above equations suggest that the underdamped sliding motion is dom inated by resonance effects of the modes of the chain with the periodic potential: In the moving reference frame the modes with wave vector \a\ are excited by the potential with frequency v (3rd term on r.h.s.), the mode with wave vector 2a is excited by the term j( x aelvt + x iae~lvt) (4th term on r.h.s.) containing a frequency component 2v. Generally, the mode with wave vector na is excited by a frequency nv lead ing to a resonance condition for the sliding velocity: v ~ vn = uj(na)/n. This was already noted by Aubry and de Seze [9] and gives an explanation for the reso nant velocities they observed in numerical simulations of the sliding motion. The above considerations ap ply to the commensurate and incommensurate case as well, note however that in the incommensurate case all modes are coupled to linear order in the way de scribed above, since na ranges over all wave vectors of the chain. The resonances also dominate the be havior of the periodic solution of the equations of motion.
Periodic Solutions
Since for large damping the asymptotic solution is of the form (1), one can search for such solutions for arbitrary damping by inserting (1) is solved numerically by truncating the set of equa tions at some order M. Alternatively one can solve a discrete version of (3) in real space, which gives the same results. Practically we obtain solutions for given values of the potential-strength and the damping by starting at a velocity greater than the highest resonant velocity and solving for the Fourier coefficients of / . This solution can be traced for decreasing values of the parameter v. In this way we are able do determine solutions as long as v > 0 (M ). At smaller veloc ities the solutions may become incorrect due to the truncation of the equations. The linear stability of a given periodic solution is discussed using Floquet theory: Insertion of the As expected, solutions corresponding to negativedifferential parts of the v(F) characteristic are un stable. But the intervals of velocity values where the periodic solutions are unstable extend to higher values of the velocity than given by the negative-differential part of the characteristic. The instability of the so lution in the positive-differential part of the charac teristic is of Hopf type, i.e. the imaginary part of the Floquet exponent is non-zero. For a given poten tial strength the periodic solution loses its stability in an increasing range of velocity values for decreasing damping.
Numerical Simulations
As stated above the periodic sliding solutions are unstable for small values of the damping and one ex pects more complex sliding behavior. This is investi gated by direct numerical integration of the equations of motion (2) for a system of N = 233 particles with L = 377 (the simulations were done with a variant of the Verlet algorithm and checked against with a fourth-order Runge-Kutta method).
We first mention that numerically calculated and simulated periodic motions are in good agreement. The predicted instability of the periodic solution is observed. The observation of motions which are quasiperiodic or of higher periodicity is consistent with the fact that the instability of the periodic so lution can occur with arbitrary imaginary part of the Floquet exponent. For lower values of the damping spatio-temporal chaotic solutions are found (Figures 2  and 3 ). In the parameter regime with quasiperiodic or chaotic solutions multistability of attractors is com mon. Different sliding states are found for the same value of the force, especially for sliding states with velocities near a resonant velocity vn. This leads to hysteresis effects when increasing and decreasing the force and measuring the mean velocity (Figure 4) . The depinning transition is also found to be subcritical for small enough damping.
Conclusion
We have discussed the periodic sliding motion of the underdamped dynamics of the Frenkel-Kontorova model, which was seen to be dominated by reso nances. This type of resonances is also found in the 1 1 1 [5] , and our discussion of the stability of the periodic mo tion suggests that in larger arrays nonperiodic mo tions may occur. Thus it will be interesting to discuss the periodic motion and its stability of commensu rate systems, especially in dependence on the order of commensurability and the number of particles of the system. In modeling the dynamics of CDW systems the quenched randomness of the pinning centers has to be taken into account, so that the resonance effects will be of a different type in these systems. Never theless there is experimental evidence that the motion of some CDW systems shows more complex behav ior, for example hysteretic depinning [4] , which can not be described by overdamped models with onedimensional order parameter. But it is not clear if these observations are due to inertia effects. In this context the complex sliding motion in the inertia dominated dynamics of the chain, especially in the large particle limit, is subject to further investigation.
If the model is considered as a simple friction sys tem, the behavior at small velocities is of interest, and since the resonant velocities are dense for v -+ 0, this limit is not trivial. The sliding motion of the incom mensurate chain in the limit of small damping, i.e. 7 -> 0, also deserves further investigation.
